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A long-lived prethermal state may emerge upon a sudden quench of a quantum system. In this
paper, we study a quantum quench of an initial critical state, and show that the resulting prethermal
state exhibits a genuinely quantum and dynamical universal behavior. Specifically, we consider a
scenario where the “speed of light” characterizing the propagation of local perturbations is suddenly
quenched at criticality. We also find that the system approaches the prethermal state in a universal
way described by a new exponent that characterizes a kind of quantum aging.
The dynamics of quantum many-body systems fol-
lowing a sudden change of the Hamiltonian, also called
a quantum quench, is one of the most active areas of
nonequilibrium quantum physics [1]. It is widely believed
that, after a quantum quench, isolated systems generi-
cally approach a thermal state (many-body localized sys-
tems being an exception) [1–6]. However, a long-lived
quasi-stationary prethermal state may emerge before the
onset of thermalization [7]; this typically occurs when
there are approximate conserved quantities preventing a
complete loss of memory of the initial state and an imme-
diate thermalization [8–14]. Prethermalization has also
been observed in experiments [15–17].
Just like their thermal counterparts, prethermal states
can exhibit universal scaling relations [18–24]. In anal-
ogy with thermal phases where a critical state can be
reached by tuning the temperature to its critical value,
a prethermal critical state emerges by tuning the control
parameter of the quench. These critical states exhibit
long-range correlations, within a long time window, with
distinct universal properties [25–41]. Moreover, the ap-
proach to the (prethermal) critical point leads to a dis-
tinct short-time universal behavior as the system still re-
tains its memory of the initial state, and exhibits a kind
of quantum aging; the analog of this phenomenon is also
studied in open quantum systems [42–45]. Despite recent
progress, it appears that quantum features are at least
partially obscured upon a quench in a closed system due
to the emergence of an effective temperature [36–38]. As
a result, short-time universal behavior exhibits features
that resemble those of classical aging [46, 47].
In this work, we propose a quench protocol that goes
beyond the paradigm of partial or full thermalization,
and gives rise to a genuinely quantum dynamical univer-
sality class and a new type of short-time universal be-
havior. Specifically, we consider a many-body quantum
system where the speed of light characterizing the prop-
agation of local perturbations is suddenly quenched at
criticality, and reveal the rich, universal dynamics before
the onset of thermalization.
We first review a simple argument for why an effective
temperature generically arises following a sudden quench,
and discuss later how such a scenario can be evaded. A
paradigmatic example is a system of weakly interacting
(bosonic) particles. Let us ignore interactions, and take
the quasiparticle spectrum as ω0k and ωk before and
after the quench, respectively. As different modes are
decoupled in a non-interacting system, we simply need
to consider a collection of harmonic oscillators upon a
sudden change of their natural frequency ω0k → ωk in
the Hamiltonian H =
∑
k |Πk|2 + ω2k|φk|2 where φk and
Πk represent the (bosonic) field and its conjugate mo-
mentum, respectively, at momentum k. Assuming that
initially the system is at zero temperature, the initial
energy of each mode is E0k = ω0k/2; the equal dis-
tribution between the kinetic and potential terms leads
to
〈|Πk|2〉0 = ω0k/4 and 〈|φk|2〉0 = 1/(4ω0k). Using
these values, the expectation value of the energy after
the quench is Ek = (ω0k + ω
2
k/ω0k)/4. Therefore, the
quasiparticle distribution following the quench becomes
nk + 1/2 = Ek/ωk = (ω0k/ωk +ωk/ω0k)/4 [56]. Clearly,
nk = 0 in the absence of the quantum quench when
ω0k = ωk. For a quench from an initial state far from
the critical point, ω0k ≈ ω0 is a large constant indepen-
dent of k, and thus the quasiparticle distribution becomes
nk ≈ ω0/(4ωk). Comparing against a thermal distribu-
tion at high temperatures, nk ≈ T/ωk, one finds an
effective temperature Teff ≈ ω0/4 [37, 38]. Nevertheless,
the emergence of an effective temperature does not indi-
cate a fully thermal behavior at short times. In fact, the
system may be quenched to a prethermal critical point
with the dynamic exponent z = 1 reminiscent of quan-
tum phase transitions. Therefore, the dynamics will have
mixed features that are partially thermal and partially
quantum [34, 36–38]. However, to fully expose quantum
features, we propose a quench protocol that circumvents
the emergence of an effective temperature.
Quench protocol.—This work is based on a different
quench protocol (solid vs. dashed arrow in Fig. 1) where
the initial state is at a quantum critical point. In this
case, ω0k vanishes at long wavelengths as k → 0, and
subsequently the post-quench quasiparticle distribution
is no longer thermal (nk  1/ωk); neither does it cor-
respond to zero temperature (nk 6= 0). The fine-tuning
of both initial and final parameters is reminiscent of the
double fine-tuning (of both temperature and mass) in
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Figure 1: A quantum quench to a prethermal critical point;
thick lines represent ordered phases, ∆0 (∆) denotes the ini-
tial (final) value of the control parameter, and ∆eq (∆dyn)
denotes the equilibrium (prethermal or dynamical) critical
point. The dashed arrow indicates a quantum quench from
a point far away from ∆eq, and leads to a partial thermal-
ization. The solid arrow indicates the quench ∆eq → ∆dyn,
and gives rise to a novel dynamical universality class. (The
dependence of ∆dyn on the initial value ∆0 is neglected in this
schematic picture.)
equilibrium quantum phase transitions [48]. Indeed we
show that a quantum quench from an initial quantum
critical point to a prethermal critical point leads to a dy-
namical universality class of a genuinely quantum nature.
In particular, we consider a generic situation where the
dispersion relation is linear at both pre- and post-quench
critical points, ω0k = c0|k| and ωk = c|k|; here, c0 and c
play the role of the “speed of light” before and after the
quench, respectively. In a sense, in the protocol described
here, the speed of light is suddenly quenched at the crit-
ical point. At a microscopic level, this can be achieved,
for example, by manipulating the hopping amplitude on
a lattice which directly affects the propagation of local
propagations. A generic example with such properties is
provided by the O(N) model introduced below.
We should remark that quantum quenches from a gap-
less to another gapless phase has also been studied in the
context of the Luttinger model and its close relatives as
well as Fermi liquids [9, 49–53]. However, the latter do
not fall in the paradigm in Fig. 1 since the critical behav-
ior (e.g., critical exponents) discussed in these contexts
has been limited to quasi-long-range order in low dimen-
sions. In contrast, the focus of this paper is to study
critical points corresponding to truly-ordered phases.
Model.—Due to their simplicity and generality, we con-
sider the O(N) models which describe, among other
things, the (near-)critical behavior of Ising models,
Josephson junction arrays, and quantum antiferromag-
nets [48]. The Hamiltonian of the O(N) model in d di-
mensions is given by
H =
ˆ
ddx
[
1
2
Π2 +
c2
2
(∇φ)2 + r
2
φ2 +
u
4!N
(φ2)2
]
,
(1)
where φ = (φ1, · · · , φN ) represents an N -component
scalar field and Π denotes its conjugate momentum.
Moreover, u is the interaction strength (normalized by
N), r controls the distance from the critical point, and c
t
x
c0/c < 1
c0/c > 1
Figure 2: Quantum quench of the “speed of light” c0 → c.
The causal region before the quench is highlighted, arrows
indicate the quench protocol, and the dashed lines represent
the post-quench light cones for the two cases c0/c > 1 and
c0/c < 1. The causal region may shrink (c0/c > 1) or ex-
pand (c0/c < 1) upon the quantum quench. The short-time
universal behavior in the two cases is qualitatively different.
denotes the “speed of light”. This model has a Lorentz
symmetry, and whose dispersion relation is linear, ωk =
c|k|, at its (equilibrium) critical point. A crucial property
of this model is that it is integrable for N = ∞ [33–35],
and thus a long-lived prethermal state emerges for large
values of N .
The quantum quench described earlier is one that the
speed of light suddenly changes from c0 at an initial equi-
librium critical point to c at a prethermal critical state
(the latter yet to be determined). While the critical be-
havior of many-body systems in equilibrium depend on
few features such as dimensionality and symmetry, those
describing a prethermal state may also depend on the
relative values of pre- and post-quench parameters. In-
deed we shall see shortly that critical exponents depend
on the ratio c0/c in a nontrivial way. Moreover, we find
that the dynamics is qualitatively different depending on
whether c0/c < 1 or c0/c > 1 where the causal region
defined by the light cone expands or shrinks upon the
quantum quench, respectively (see Fig. 2).
Prethermal critical state via RG.—The nonequilib-
rium nature of the quench problem necessitates a frame-
work suited for such situations. A powerful tool is the
Keldysh functional integral that, together with renormal-
ization group (RG) theory, allows us to systematically
study time evolution as well as nonequilibrium station-
ary states. We first focus on the critical properties of the
stationary prethermal state reached at late times. We
shall relegate technical details to the Supplemental Ma-
terial (SM), and report the RG equations at one loop:
dr
dl
= 2r +
N + 2
24N
aduΛ
d
(
1
c0Λ
+
c0Λ
c2Λ2 + r
)
+O(u2),
du
dl
= (3− d)u− N + 8
48N
adu
2
c3
(
c
c0
+
c0
c
)
+O(u3),
(2)
with ad = 2/[(4pi)
d/2Γ(d/2)]. The speed c is unrenormal-
ized at one loop, and possibly to all orders, yielding the
dynamic exponent z = 1. The RG equations are written
3in a standard notation where space and time are rescaled
by a factor b = e−l and Λ defines the UV cutoff. As
is typical in nonequilibrium situations, we have chosen
a renormalization scheme where a momentum shell inte-
gral e−lΛ < |k| ≤ Λ is replaced by one that involves a
soft cutoff; see the SM for details. Several characteristics
of these RG equations are in order: (i) The upper criti-
cal dimension is d = 3, which will justify a perturbative
RG analysis in  = 3 − d; this is also a feature of equi-
librium quantum phase transitions of the O(N) model
at zero temperature, therefore it serves as an indication
towards a genuinely quantum behavior in our nonequi-
librium setting. (ii) The RG equations (and critical ex-
ponents discussed shortly) depend on the initial state via
c0. This is a general feature of prethermal states as they
retain some memory of the initial state and are thus in
a sense less universal than thermal states in that they
depend on more parameters. Properties (i) and (ii) in-
dicate genuine quantum and dynamical features of the
prethermal state. (iii) To the order considered here, the
RG equations describe both an initial state at the Gaus-
sian fixed point (r0 = 0, u0 = 0) as well as one at the
Wilson-Fisher (WF) fixed point of the interacting model
(r0WF, u0WF) with the subscript 0 corresponding to c0;
see the SM for an explanation. (iv) To the lowest or-
der in u, the RG equations at c0 = c reduce to those in
equilibrium (at comparable order using the same renor-
malization scheme). Although r and u may still take
different values before and after the quench, their effect
appears only at higher orders in u.
To study the RG equations in more detail, we first
determine the fixed point of the RG flow. To the first
order in , we find
rdyn = −N + 2
N + 8
c2Λ2 +O(2),
udyn =
N
N + 8
96pi2c3
c/c0 + c0/c
+O(2).
(3)
Note that generally (rdyn, udyn) 6= (rWF, uWF), the lat-
ter being the equilibrium WF fixed point corresponding
to c which, to this order, is obtained by setting c0 → c
in the above equation. Therefore, (rdyn, udyn) describes
a new, dynamical fixed point. The RG equations can
be linearized around the fixed point to find the corre-
sponding eigenvalues, which in turn determine the critical
exponents. We find that the exponent ν characterizing
the divergence of the correlation length with the distance
from the critical point (ξ ∼ δr−ν) is given by
ν =
1
2
+
1
2
N + 2
N + 8
1
c2/c20 + 1
+O(2). (4)
Remarkably, this exponent depends (continuously) on
the ratio c0/c, hence the universal dependence on the
initial state. Also, for c = c0, it assumes its equilibrium
value νeq to the leading order. Finally, the exponent ν
r
u
c0 = c
c0  c
c0  c
ν = 1/2
ν = νeqν > νeq
1 2 3 4

4

2
N+8
N+2 (ν − 1/2)
c0/c
→ νeq
Figure 3: Fixed points and RG flow of the prethermal phase
reached upon a quench of the speed of light from c0 to c. The
thick (red) curve schematically plots the one-parameter fam-
ily of fixed points (rdyn, udyn) as a function of c0/c computed
to the first order in  = 3 − d; while rdyn is constant in c0/c
to this order, a slight dependence is assumed for the sake of
illustration. The extreme limits (red solid circles), the RG
flow in their vicinity (inside the square boxes), and their cor-
responding exponent ν are highlighted. The dependence of
the exponent ν is plotted in the top panel. For c0 = c, this
exponent reduces to its equilibrium value νeq.
approaches its mean-field value ν = 1/2 to the first or-
der in  as c0/c → 0. To see why this is so, we first
note that the exponent ν is related to the renormaliza-
tion of the mass term r. To the lowest order, the latter
is renormalized by ∆r ∼ u〈φ2〉. For small c0, the field φ
is highly fluctuating before the quench, and 〈φ2〉 is dom-
inated by the contribution due to its pre-quench value,
and thus would be less sensitive to the mass term r in
the final Hamiltonian. The latter implies that the renor-
malization correction can be simply absorbed in the fixed
point value of r, therefore not changing ν away from its
mean-field value.
The RG equations, their fixed point, and the corre-
sponding eigenvalues are reminiscent of the WF fixed
point of a quantum critical point with the dynamic ex-
ponent z = 1; however, the emergence of the ratio c0/c
defines a new quantum dynamical universality class with
distinct properties. In Fig. 3, we have shown the one-
parameter family of fixed points as a function of c0/c
and the corresponding RG flow at some, including ex-
treme, values of c0/c; the exponent ν is also plotted as a
function c0/c to the first order in . The topology of the
RG flow is the same as that of the WF fixed point. In
particular, there is only one relevant direction away from
any fixed point, and therefore, to access the prethermal
critical state, only one parameter (r) should be tuned at
the quench. (The other fine-tuning is due to the choice of
4the initial state at the critical point.) However, the cor-
responding eigenvectors and eigenvalues of the RG flow
are different and depend on c0/c.
Finally, we stress again that a long-lived prethermal
state emerges for large values of N , while dissipative
terms appear over a time scale that diverges with N [33–
38, 54, 55]. Therefore, the equations in this paper should
be properly understood as a series expansion in 1/N . As
is typical in a number of physical contexts, it may be that
even a fairly small value of N—such as N = 2, 3 readily
accessible in experiments—is large enough to exhibit the
features reported here.
Short-time universal behavior.—Heretofore, we have
studied the system as it approaches a quasi-stationary
prethermal state. Nevertheless, one can also probe uni-
versal properties pertaining to early dynamics, for ex-
ample, by inspecting the response of the system to a
perturbation at early times; this information can be ob-
tained from the response function GR(t, t
′,x − x′) =
−iΘ(t− t′)〈[φ(x, t),φ(x′, t′)]−〉. At later times when the
system has reached a prethermal critical state, the re-
sponse function only depends on the difference between
times t and t′, and its Fourier transform in momentum
space (k ≡ |k|) takes the scaling form GR(t, t′,k) =
k−2+η+zf (kz(t− t′)) with f a scaling function, η the
anomalous scaling dimension, and z the dynamic expo-
nent; in the prethermal state discussed here, η = O(2)
and z = 1. On the other hand, the response func-
tion to a perturbation at early times should explicitly
depend on both t and t′. In the limit t′/t → 0, the
response function to the leading order takes the scal-
ing form GR(t  t′,k) = (t/t′)θk−2+η+zg(kzt) where
a new exponent θ emerges along with a scaling func-
tion g characterizing the corresponding universal behav-
ior [37, 38, 42, 43]. We find the exponent θ from a per-
turbative one-loop RG calculation as
θ =
1
2
N + 2
N + 8
c/c0 − c0/c
c/c0 + c0/c
+O(2). (5)
This equation describes a genuinely quantum short-time
exponent with no analog in either classical or, past stud-
ies of, quantum systems. Given that the short-time be-
havior is tied to the critical properties of the long-lived
prethermal state, the exponent θ, similar to those at the
prethermal critical state, also depends continuously on
the ratio c0/c. Interestingly, this exponent has oppo-
site signs for the two regimes c0/c < 1 and c0/c > 1,
see Fig. 4. The reason for such behavior can be under-
stood on general grounds. First note that the response
functionGR(t, t
′) (momentum dependence is suppressed)
characterizes the response of the system to an infinites-
imal magnetic field at the initial time t′. This function
may be expected to fall off in time; however, the size of
the causal region also changes after the quench. Indeed,
for c0 < c, the causal region expands after the quench,
which tends to amplify the response function. This is
1 2 3
- 2

2
N+8
N+2
θ
c0/c
c0 < c
c0 > c
0
Figure 4: The exponent θ characterizing the early-time uni-
versal behavior after the quench as a function of c0/c. This
exponent characterizes the dependence of the response to a
perturbation at early times. θ changes sign at c0 = c: For
c0 < c (c0 > c) where the causal region expands (shrinks),
it is positive (negative) indicating a pronounced (suppressed)
response to an early-time perturbation; see the text for the
explanation.
consistent with the fact that θ > 0 for c0/c < 1 result-
ing in an increase of GR(t  t′) ∼ (t/t′)θ with t/t′. In
the opposite regime where c0/c > 1, the causal region
shrinks after the quench that leads to a decrease of the
response function with t/t′. In a similar way, one can
also characterize the dependence of the correlation func-
tion GK(t, t
′,x− x′) = −i 〈[φ(x, t),φ(x′, t′)]+〉. It turns
out that the correlation function GK(t  t′) ∼ (t/t′)θ
also has the same universal dependence on t/t′, at least
to the lowest order in  expansion. The dependence on
short times, and the fact that the same exponents arise
in both response and correlation functions is different
from classical aging [46] as well as quantum aging in a
deep quench from a noncritical initial state [36–38], but
is similar to the short-time universal behavior in a system
coupled to a zero-temperature bath [42, 43].
Conclusions and Outlook.—In this work, we have con-
sidered quench dynamics in a quantum system, and have
studied the long-lived prethermal state emerging before
the onset of thermalization at long times. Crucially, we
have considered a quench protocol where an initial crit-
ical state is suddenly quenched to a prethermal critical
state with the double fine-tuning reminiscent of quantum
phase transitions. We have shown that the prethermal
critical state falls under a genuinely quantum dynamical
universality class, and furthermore the dynamics at short
times follows a distinct universal behavior that mimics
a kind of quantum aging. While we have focused on
the paradigmatic O(N) model, our general conclusions
should apply to a generic situation where the system ap-
proaches a long-lived prethermal state. Nearly integrable
models, including those in 1D, would be interesting can-
didates to further probe the universal dynamics at short
5times after a quantum quench.
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6Supplemental Material
In this supplement, we derive the RG equations de-
scribing the prethermal state (Sec. I), and also derive
the short-time exponent θ and the scaling form of the
response function (Sec. II).
I. RG EQUATIONS
We start by setting up the Hamiltonian dynamics
within the framework of the Keldysh formalism. The
Keldysh action on the closed-time contour reads as S =´
t
(L[φ+] − L[φ−]) where the subscripts ± denote the
forward/backward branches of the contour, and L[φ] =
1
2
´
x
[
φ˙2 − c2(∇φ)2 − rφ2 − (2u/4N !)(φ2)2] is the La-
grangian corresponding to the Hamiltonian in Eq. (1) of
the manuscript. It is more convenient to write the action
in the Keldysh basis defined as φc/q = (φ+ ± φ−)/
√
2.
The action then reads
S =
ˆ ∞
0
dt
ˆ
ddx
[
φ˙q · φ˙c − c2∇φq · ∇φq − rφq · φc
− 2u
4!N
(φq · φc)φ2c −
2u
4!N
(φq · φc)φ2q
]
. (S1)
In principle the coefficients of the two interaction terms
may evolve differently under RG. However, we shall see
that, at least to the order considered here, their RG flow
is indeed the same, which is reminiscent of a quantum
critical point. The response and correlation functions can
be represented in the Keldysh basis as iGR/K(t, t
′,x −
x′) = 〈φc(t,x)φq/c(t′,x′)〉. Due to the O(N) symmetry,
cross correlations are zero, and therefore we consider the
propagators GR/K corresponding to a single component
of the field φ. We further adopt the notation gR/K for
the response and correlation functions at the quadratic
level of the action; the latter are given by [36]
gR(t− t′,k) = −Θ(t− t′) sinωk(t− t
′)
ωk
,
igK(t, t
′,k) =
K+ cos(ωk(t− t′)) +K− cos(ωk(t+ t′))
ωk
,
(S2)
with K± = (ωk/ω0k ± ω0k/ωk) /2. Note that the re-
sponse function at the quadratic level, gR, only depends
on the time difference, t− t′. To find the scaling dimen-
sions at the critical point where ωk = c|k|, we first note
that the equal-time correlation function inside the light
cone, |x− x′| . 2ct, approaches a stationary value given
by
igK (t, t,x− x′) ∼
ˆ
ddk
K+
ωk
eik·(x−x
′) ∼ K¯+|x− x′|d−1 ,
(S3)
where the constants K¯± ≡ (c/c0± c0/c)/2 are defined as
the value of K± at the critical point. Together with the
quadratic part of the Keldysh action, this equation deter-
mines the scaling dimensions of the fields at the quadratic
level as
[φc] = [φq] =
d− 1
2
, (S4)
resembling those of a quantum phase transition in d di-
mensions with z = 1. Using these scaling dimensions,
the coefficients r and u scale as r → b2r and u → b3−du
under rescaling space and time coordinates. Next we
consider the renormalization of the coefficients r and
u by integrating out higher-momentum modes. How-
ever, one should choose a smooth cutoff to avoid non-
sensical results. At the one-loop level, we choose a sim-
ple scheme where the conventional momentum-shell in-
tegral over |k| ∈ (Λ − ∆Λ,Λ] is substituted by ´
>
(·) ≡´
k
[h(|k|/Λ)− h(|k|/(Λ−∆Λ))] (·) where the dot repre-
sents the (momentum-dependent) integrand, and h(x)
is a smooth function such that limx→0 h(x) = 1 while
it decays sufficiently rapidly as x → ∞; for example,
hn(x) = e
−xn for a positive n. Using this scheme, we ob-
tain the renormalization of the mass term r to the first
order in u as
∆r =
N + 2
12N
u
ˆ
>
igK(t, t,k)
=
N + 2
12N
uad∆Λ
cΛ
[
K¯+Λ
d−1Γ
(d+ n− 1
n
)
− c0
2c3
r + · · ·
]
. (S5)
We have computed the integral to the appropriate order
in  since we are interested in the vicinity of the fixed-
point values of r and u which are both anticipated to be
of the orderO(). The dots include terms of higher orders
in  and those that decay with time. Together with the
scaling of r, the above equation yields the RG equation
for r. In the limit of n → ∞ and up to the order of
O(2), this is consistent with the first equation in Eq. (2)
of the manuscript, which is simply computed by imposing
a hard cutoff. Different values of n will change the fixed-
point value of r but do not affect its universal properties
and the corresponding critical exponents such as ν.
A nontrivial renormalization of u starts at the second
order in u,
∆u =
N + 8
6N
u2
ˆ ∞
0
ds
ˆ
>
[igK(t, s,k)gR(t− s,k)] . (S6)
A simple calculation shows that this quantity approaches
a constant at long times (Λct  1). We find, to the
7leading order in  and independent of the form of the
cutoff function h,
∆u = −N + 8
24N
adu
2∆Λ
c3Λ
K¯+. (S7)
Together with the scaling behavior of u, this equation
leads to the RG flow in the second line of Eq. (2) of the
manuscript.
While the above analysis was done for an initial state
at the Gaussian fixed point (r0 = u0 = 0), the resulting
RG equations would be the same at the Wilson-Fisher
fixed point of the initial state to the order reported. This
is because any such correction would involve the differ-
ence G0K − g0K where G0K and g0K denote the equal-
time correlation functions of the initial state (hence the
subscript 0) with and without interactions, respectively.
However, at the critical point of the initial state, this
difference only arises at the order O(2) because the ex-
ponent η ∼ O(2). Therefore, the fixed-point values as
well as the exponents do not change to the first order in
.
II. SHORT-TIME EXPONENT
Suppose that the quench is tuned to bring the sys-
tem to its (prethermal) critical point at long times, i.e.,
r(t) → rdyn as t → ∞. The distance from the critical
point at time t, defined as δr(t) ≡ r(t)− rdyn, is given to
the first order in  by
δr(t) =
N + 2
12N
u
ˆ
k
[
igK(t, t,k)− igdynK (k)
]
, (S8)
where gdyn denotes the late-time limit of g evaluated at
the prethermal critical state. This integral should be
evaluated using the soft cutoff introduced above. We
find, to the leading order in  and independent of the
form of the cutoff function h,
δr(t) = −N + 2
12N
ua3K¯−
4c3t2
≡ − θ
t2
, (S9)
where we have defined the dimensionless constant θ to be
identified with the short-time exponent. At the (dynam-
ical) critical point, we find θ = N+2N+8 (K¯−/K¯+)/2 from
which Eq. (5) of the manuscript follows. We still have
to show that the response function scales with time as
(t/t′)θ for t  t′. To this end, we compute the retarded
Green’s function to the next order as
GR(t, t
′,k) = gR(t− t′,k)
+
ˆ ∞
0
ds [gR(t− s,k)δr(s)gR(s− t′,k)] + · · · . (S10)
The integral in the second line is particularly simple in
the limit k → 0 where gR(t − t′,k → 0) = −(t − t′) for
t > t′. Using the above equations, we find
GR(t t′,k→ 0) ≈ −t [1 + θ log(t/t′)] . (S11)
The logarithm in this equation can be exponentiated to
produce the scaling behavior reported in the manuscript.
A similar argument follows for the correlation function
GK(t t′,k→ 0).
